The aim of this paper is to deal with the refinements of certain inequalities for hyperbolic functions using Padé approximation method. We provide a useful way of improving the inequalities for trigonometric functions and hyperbolic functions.
Introduction
The famous Wilker inequality for trigonometric functions asserts that sin x x 2 + tan x x > 2, 0 < x < π 2 , while the Huygens trigonometric inequality states 2 sin x x + tan x x > 3, 0 < x < π 2 .
The following double inequality 3 √ cos x < sin x x < 2 + cos x 3 , 0 < x < π 2 ,
has also attracted the attention of many authors in the recent past. The left-hand side of (1.1) was discovered by Lazarević (see, [6, p.238] ), while the right-hand side of (1.1) is the trigonometric Cusa-Huygens inequality (see [12] ).
The hyperbolic counterparts of the Wilker and Huygens trigonometric inequalities have been introduced by Zhu [25, 26] , Neumann and Sándor [11] as follows: sinh x x 2 + tanh x x > 2, x = 0, 2 sinh x x + tanh x x > 3, x = 0.
The hyperbolic Cusa-Huygens inequality [11] and the hyperbolic Lazarević inequality [8] state that These inequalities were proved by using the variation of some functions and their derivatives. Recently, some of the above inequalities have been improved by using the Taylor's expansion for hyperbolic functions (see [9] ) as follows:
and its hyperbolic counterpart (see [10] )
(1.
3)
The following inequality sin
is known as Redheffer's inequality (see [13] ). By using the mathematical induction and the infinite product representation of sinh x and cosh x, Chen et al. [2] found the hyperbolic analogue of inequality (1.4), by showing that
They also proved that
Recently, Sándor and Bhayo [14] improved the inequality (1.5), by showing that
For more relevant papers on the topic, we refer the interested reader to [1, 3-5, 7, 15-24] . The aim of this paper is to prove and refine the aforesaid hyperbolic inequalities by using Padé approximation method.
It is known that a Padé approximation is the best approximation of a function by a rational function of given order. The rational approximation is particularly good for series with alternating terms and poor polynomial convergence. Optimal rational polynomials are frequently used in computer calculations, because they provide a good compromise in accuracy, size and speed.
The Padé approximation [L/M] corresponds to the Taylor series. When it exists, the [L/M] Padé approximation to any power series A (x) = ∞ j=0 a j x j is unique. If A (x) is a transcendental function, then the terms are given by the Taylor series about x 0 , a n = 1 n! A (n) (x 0 ).
The coefficients are found by setting
These give the set of equations
For example, let us consider the Taylor series for cosh : cosh x = 1 + 40320 . The Padé approximation cosh [6/4] 
We find
Therefore we obtain cosh [6/4] Similar calculations lead us to the following results
, and sinh [3/2] (x) = 7x 3 + 60x −3x 2 + 60 .
Some lemmas
In order to obtain our main results, we first prove several lemmas.
Lemma 2.1. For every x ∈ R, one has
Proof. First we remark that the denominator 90x 4 − 5040x 2 + 131040 is positive for all x ∈ R. We consider the function
Elementary calculations reveal that
We see that
is strictly increasing on (0, ∞). As f (7) (0) = 0, we get f (7) > 0 on (0, ∞). Continuing the algorithm, finally we obtain f (x) > 0 for all x ∈ (0, ∞). Due to the form of function f , it follows that the inequality f (x) > 0 holds also for x < 0. The proof is completed. Lemma 2.2. For every x = 0, one has 10x 2 + 105
Proof. We introduce the function g : (0, ∞) → R, g (x) = 6x 2 + 15 sinh
Then we consider the function r : (0, ∞) → R, r (x) = −x 2 − 3 sinh x + 3x cosh x and its derivative
The function p (x) = sinh x − x cosh x has the derivative p (x) = −x sinh x, therefore p (x) < 0 for all x ∈ (0, ∞). Then p is strictly decreasing on (0, ∞). As p (0) = 0, it follows p < 0 on (0, ∞), hence r (x) < 0 for every x ∈ (0, ∞). Due to similar arguments, finally it results that g (x) < 0 for all x ∈ (0, ∞).
For proving the first part of Lemma 2.2, we consider the function
and its derivative
Since g (x) < 0 for all x ∈ (0, ∞), it follows that s > 0 on (0, ∞), therefore s is strictly increasing on (0, ∞). As s (0) = 0, we get s (x) > 0 for all x ∈ (0, ∞).
We remark that if the inequality (2.2) is true for x > 0, then it holds clearly also for x < 0. This completes the proof. 
We also have
Lemma 2.4. (i) For every x = 0, the inequality sinh x x > 170x 8 + 32085x 6 + 922950x 4 + 7660800x 2 + 13759200 90x 8 − 990x 6 − 86310x 4 + 5367600x 2 + 13759200 ,
holds.
(ii) For every |x| < √ 20, one has sinh x x < 7x 2 + 60 −3x 2 + 60 .
Proof.
(i) By multiplying the inequalities of positive functions (2.1) and (2.2), we obtain the desired lower rational bound for the hyperbolic sine function.
(ii) We consider the function t : 0, √ 20 → R, t (x) = −3x 2 + 60 sinh x − 7x 3 − 60x.
Its derivatives are
t (x) = −6x sinh x + −3x 2 + 60 cosh x − 21x 2 − 60,
We notice that t (5) < 0 on (0, ∞). Then the function t (4) is strictly decreasing for all x ∈ (0, ∞). As t (4) (0) = 0, we have t (4) < 0 on (0, ∞). By using the same arguments, finally we conclude that t (x) < 0 for all x ∈ (0, ∞).
Since the inequality (2.3) is true for x ∈ 0, √ 20 , then it holds also for x ∈ − √ 20, 0 . The proof is completed.
Main results
In this section we will formulate and prove the rational refinements of the aforesaid hyperbolic inequalities.
Firstly, we will refine the Mortici's improved version of hyperbolic Huygens inequality as follows:
Theorem 3.1. For every x = 0, the following inequality holds true Proof. We remark that if the inequality is true for x > 0, then it holds clearly also for x < 0, so it is sufficient to show only for x > 0. The first inequality is an easy consequence of Lemmas 2.2 and 2.4. The second inequality has the equivalent form The polynomial function from the left-hand side has no real non-zero roots, hence the last inequality holds true for every x = 0.
By using Padé approximation method, we also improve the hyperbolic version of Wilker inequality as follows: The right-hand side of the above inequality takes the equivalent form
On the other hand, the inequality 
which is obviously true for all x = 0.
Since the hyperbolic version of Lazarević's inequality (1.2) can be rewritten as
we will improve this result as follows: Proof. We remark that if the inequality is true for x > 0, then it holds also for x < 0, so it is enough to prove only for x > 0. Arising from Taylor's expansion for the hyperbolic sine, the following estimate
holds for x > 0. By using also the estimate for hyperbolic tangent function obtained in Lemma 2. The inequality E (x) > 1 has the equivalent form 10x 6 + 225x 4 > 0, which is obviously true for all x = 0.
We also will sharpen the hyperbolic Cusa-Huygens inequality as follows: We transform the inequality x 2 + 15 6x 2 + 15 cosh x < cosh x + 2 3 into the inequality 10 − x 2 cosh x − 4x 2 − 10 < 0 for all x > 0.
We introduce the function
Its derivatives are h (x) = −2x cosh x + 10 − x 2 sinh x − 8x,
We have h (4) < 0 on (0, ∞), hence h (3) is strictly decreasing on (0, ∞). As h (3) (0) = 0, it follows that h (3) < 0 on (0, ∞). By using the same arguments, finally we conclude that h (x) < 0 on (0, ∞).
Since the inequalities from Theorem 3.4 are true for x > 0, then they hold clearly also for x < 0.
In order to refine the inequality (1.3), we will prove the following. The last rational expression is greater than 2 since its equivalent inequality
is obviously true for all x = 0 Finally, we also will improve the Redheffer-type inequalities (1.5), (1.6) and (1.7) as follows:
Theorem 3.6.
(i) For all |x| < π, one has sinh x x < 60 + 7x 2 60 − 3x 2 < 12 + x 2 12 − x 2 .
(ii) For all |x| < π 2 , one has cosh x < 10 + 4x 2 10 − x 2 < π 2 + 4x 2 π 2 − 4x 2 .
(i) First inequality is a consequence of Lemma 2.4. We remark that the denominator 60 − 3x 2 is positive for all |x| < π. It is easy to see that the difference C (x) = 12 + x 2 12 − x 2 − 7x 2 + 60 60 − 3x 2 , has the equivalent positive form 4x 4 (12 − x 2 ) (60 − 3x 2 ) .
(ii) In the demonstration of Theorem 3.4, we showed that 10 − x 2 cosh x − 4x 2 − 10 < 0, for all x ∈ R.
Therefore we get cosh x < 10 + 4x 2 10 − x 2 , for all |x| < π 2 .
The last inequality 10 + 4x 2 10 − x 2 < π 2 + 4x 2 π 2 − 4x 2 , can be rewritten as the following true inequality 0 < 12x 4 + 80 − 5π 2 x 2 , for all |x| < π 2 .
This completes the proof of Theorem 3.6.
Final remarks
Let us emphasize that the Padé approximation method was here applied for proving the refinements of some remarkable hyperbolic inequalities. We are convinced that Padé approximation method is suitable to establish many other similar inequalities.
